Abstract We investigate non-spherically symmetric, scalar field collapse of a family of initial data consisting of a spherically symmetric profile with a deformation proportional to the real part of the spherical harmonic Y 21 (θ, ϕ). Independent of the strength of the anisotropy in the data, we find that supercritical collapse yields a black hole mass scaling M h ∝ (p − p * ) γ with γ ≈ 0.37, a value remarkably close to the critical exponent obtained by Choptuik in his pioneering study in spherical symmetry. We also find hints of discrete self-similarity. However, the collapse experiments are not sufficiently close to the critical solution to unequivocally claim that the detected periodicity is from critical collapse echoing.
Introduction
Without a doubt, one of the triumphs of numerical relativity occurred two decades ago, when Choptuik discovered universality, scale invariance and power-law scaling at the threshold of black hole formation. This remarkable body of work is commonly known as critical phenomena in gravitational collapse [5] . Computationally, Choptuik's work was also revolutionary because it was the first instance in which adaptive mesh refinement techniques were used in numerical relativity. Without mesh refinement adaptivity, one could argue that unveiling gravitational collapse criticality in such an exquisite detail would have been an insurmountable enterprise.
Naturally, early follow-up studies of critical collapse focused on configurations similar to those used by Choptuik, i.e., the spherically symmetric collapse of a scalar field. Subsequent studies showed that criticality is also found in the gravitational collapse of complex scalar fields, fluids and gravitational waves (see [7] for a review).
In broad terms, given a family of initial data parameterized by an attribute p, critical collapse pertains to the threshold value p * such that p > p * data yield black hole formation while p < p * data disperse to infinity. Criticality surfaces in the limit p → p * , when the evolved data approach a critical solution. The solution is universal, characterized by an echoing parameter ∆. Furthermore, for collapses yielding black hole formation, i.e. supercritical cases, the black hole mass M h scales as M h ∝ (p − p * ) γ , with γ a universal scaling exponent whose value is independent of the family of initial data. Choptuik found that in the spherically symmetric massless scalar field collapse, γ = 0.37 and ∆ = 3.4.
Non-spherically symmetric critical collapse has not received as much attention. The main reason is likely the computational cost imposed by 2D or 3D simulations as one approaches the p → p * limit. This is particularly acute if the aim is to identify echoing. The first non-spherically symmetric study was carried out by Abrahams and Evans [1] and focused on axisymmetric vacuum gravitational collapse. Abrahams and Evans found γ ≈ 0.38, consistent with the value observed by Choptuik. The echoing, on the other hand, was found to be ∆ ≈ 0.6, quite different from the value in spherically symmetric, scalar collapse. Collapse of non-linear gravitational waves has been also recently reconsidered by Hilditch et al. [8] . Also recently, Sorkin [13] re-examined axisymmetric vacuum gravitational collapse in the subcritical regime, i.e. no black hole formation. His study found that maximal values of curvature invariants also exhibit a power-law scaling with γ ≈ 0.38.
Regarding scalar fields, Martín-García and Gundlach [11] studied non-spherical linear perturbations of the spherically symmetric critical solution. They found that all non-spherical perturbations decay, thus reducing the dynamics to that of the spherical symmetric case. Furthermore, they conjectured that non-linear perturbations will behave similarly. On the other hand, a non-linear axisymmetric study by Choptuik et al. [6] suggests the existence of a slowly growing, non-spherical mode about the spherically symmetric critical solution. However, they state that their results are not conclusive since they could not rule out that the observed growing mode was of pure numerical origin.
Our objective is the critical collapse of a scalar field beyond axisymmetry. We concentrate on the case of a massless scalar field and consider anisotropic collapsing scalar configurations. The family of initial data consists of a parameterized deformation of a spherically symmetric configuration. We find that, independent of the degree of anisotropy, the collapse yields the spherically symmetric, critical scaling exponent γ ≈ 0.37. In addition, the simulations producing the smallest black hole masses show some hints of discrete self-similarity. That is, we detect periodicity that resembles echoing with parameter values ∆ ∼ 3.1. Measuring ∆ necessitates looking at solutions near p → p * . Simulations in this limit were not computationally feasible in the present study. Thus, we were not able to unequivocally claim that the observed periodicity is the result of critical collapse echoing.
The simulations for this work were obtained with the Maya numerical relativity code of our group [3, 9, 10] . The Maya code is primarily used for compact object binary simulations. For the present work, the code was modified to include scalar field sources. The code is based on the BSSN formulation and the moving puncture gauge [4, 2] .
Initial Data Family
We considered the following family of scalar field initial data:
where
and
That is, the scalar field consists of a flat-top, spherically symmetric profile ψ(r) with a deformation proportional to the real part of the spherical harmonic Y 21 (θ, ϕ).
The parameter controls the strength of the anisotropy, with = 0 the spherically symmetric case. For each value of , we carried out critical collapse experiments in which the amplitude parameter p plays the role of the attribute determining the threshold of black hole formation. For the present work, we set in Eq. (2), σ = 2 M and r 0 = 10 M with M an arbitrary mass scale in the code. We assume the initial data to be time-symmetric, i.e. ∂ t Ψ = 0, and use units in which
The computational domain involves a grid structure with 10 levels of refinements. The finest mesh has a grid spacing of M/94 and size extent of 0.94 M . The outer boundary is located at 240 M . For supercritical data, black hole formation typically occurs at t ∼ 20 M . We observe that after t > 40 M the black hole mass M h stabilizes, with M h measured from the area of the apparent horizon. To investigate the black hole mass scaling,
we take the value of the black hole mass as that at times t ∼ 150 M from the beginning of the simulation. At this point in time, most of the scalar field has been either dispersed or accreted by the black hole; in other words, to a good approximation, we can consider having a black hole in isolation. Our operational definition of isolated black hole is when the accretion time-scale M h /Ṁ h > 10 4 M . We should also point out that at times t ∼ 150 M , when we measure the black hole mass, it is still early enough in the evolution to ensure that any disturbances from reflections at the outer boundary have not had enough time to reach the newly formed black hole and thus affect its mass measurement.
Power-law Scaling
We present results from critical collapse experiments with anisotropy parameter values = {0, 0.25, 0.5, 1}. For each value of , our first task was to identify a suitable starting value of p that allows one to identify the M h ∝ (p − p * ) γ scaling. Not surprisingly, if one starts the sequence at p p * , a single power-law black hole mass scaling is not found. By experimentation, we found that a good starting value for p is one resulting in a black hole with mass M h ∼ 0.55 M . This translates into initial values p = {0.0607, 0.0606, 0.0606, 0.0592} for = {0, 0.25, 0.5, 1}, respectively. With those initial amplitudes, we march toward p * in steps of ∼ 10
until we reached a black hole mass M h ∼ 0.18 M . This is the smallest black hole mass that we are able to accurately resolve with the grid setup outlined in the
ε=0.00 ε=0.25 ε=0.50 ε=1.00 
previous section. There are no serious impediments reaching smaller black hole masses other than adding finer mesh refinements to our computational grid. We did precisely that in the = 0 case, and we were able to obtain black holes with masses as small as 10 −3 M . We found, however, that adding smaller masses did not change significantly the values measured for the critical exponent γ or for the threshold value p * . Figure 1 shows a log-log plot of black hole mass M h in units of M versus p − p * . The values of p * used for each plot are those reported in Table 1 . The error bars in the black hole masses in Fig. 1 are obtained from a numerical convergence analysis using simulations with resolutions of 88 3 , 104 3 , and 120 3 grid points. Not surprisingly, the largest errors are found in the cases with the smallest final black hole. At the end of this section, we describe how the p * values are found as well as the error bars for p − p * in Fig. 1 . Fig. 1 . A linear fitting to the data yields the critical exponent γ, which is reported in Table 1 . Notice that, within our uncertainties, anisotropic collapse yields Choptuik's spherically symmetric critical exponent of γ ≈ 0.37, suggesting the dominance of the spherically symmetric mode.
Further evidence for the dominance of the spherically symmetric mode can be found in Figure 2 . In this figure, we compare three simulation snapshots of the spherical symmetric case (left column) with the corresponding snapshots for the case with = 0.5 (right column). In the top snapshots, taken at the start of the simulations, there are evident differences. The top left snapshot is clearly spherically symmetric, while the right one shows clear anisotropies. The two snapshots in the middle in Fig. 2 correspond to a time t ∼ 26.8 M , just after we find the Table 1 Table with the critical exponent γ, threshold parameter p * , fitting constant C for the black hole mass scaling M h /M = C(p − p * ) γ , and echoing period ∆. apparent horizon of the black hole. Notice that there are still hints of anisotropies remaining in the snapshot at the right. Finally, the bottom snapshots in Fig. 2 were taken at t ∼ 34.6 M . They are almost identical, indicating the disappearance of any traces of anisotropies.
To produce the data as displayed in Fig. 1 
, with γ and C the fitting parameters. For each fitting, we calculated the L 2 -norm of the residuals R(p * ). Figure 3 shows R(p * ) for the case = 0.5. The other cases have a similar behavior. Finally, we set the threshold parameter p * to be the value that minimizes R(p * ). To estimate the error in p * reported in Table 1 , we single out, among the residuals that went into constructing R(p * ), those that produced a linear fit passing within the error bars of the black hole mass with the largest error. In Fig. 3 for instance, those are the residuals in the grey area. The width of this grey area gives an estimate of the error in p * , and thus in p − p * . These are the errors used to estimate the errors for the critical exponent γ and fitting constant C reported in Table 1 and displayed as the horizontal error bars in Fig. 1 .
Echoing
One of the predictions of criticality for a single, non-interacting massless scalar field is discrete self-similarity. Specifically, the critical solution exhibits scale-periodicity in the sense that any dimensionless quantity A in the system obeys
where τ is the central proper time defined by
In Eq. (4), τ * is the accumulation time of the self-similar solution, n labels the "echo" number and ∆ the echoing parameter.
As indicated before, our simulations yield collapse solutions that are not near the p → p * limit where echoing should in principle be evident. Nonetheless, we applied the same prescription as in Ref. [12] to investigate any hints of an echoing parameter ∆. That is, we used the fact that the scalar field Ψ or geometrical quantities such as the lapse function α, satisfying Eq. (4), will have local extremal values at discrete central proper values τn such that
where τ 0 is the starting time used to count the echoes. To measure ∆ in Eq. (6), we carried out simulations with scalar field amplitudes p = {0.05725, 0.05720, 0.05702, 0.05636} corresponding to = {0, 0.25, 0.5, 1}, respectively. We should point out that for these scalar field amplitudes p < p * . That is, we found it less challenging to identify something that resembles echoing in the subcritical regime. For each simulation, we monitored the value of the lapse function α at the origin and were able to identify at least three local extremal values. With those values at hand, a least squares fitting to Eq. (6) yielded both τ * and the values of ∆ reported in Table 1 . In Figures 4 and 5 , we show the central values of ln(α) and ln (|Ψ |) respectively as a function of − ln(τ − τ * ).The oscillatory behavior in both quantities is evident from these figures. To some degree it is reassuring that the value in Table 1 of ∆ = 3.08 for the spherically symmetric case ( = 0) is close to the value of 3.4 found by Choptuik. However, given that our solutions are far from the p → p * limit, we cannot with certainty affirm that the observed oscillation are indeed echoing, as hinted by Figs. 4 and 5.
As pointed out by one of the referees, to demonstrate echoing one needs to use geometric invariants and observers that are not affected by the choice of coordinates. The lapse displayed in Fig. 4 is certainly not a geometric invariant. An alternative is to show that the gauge conditions used, i.e. choice of lapse and shift, yield adapted coordinates where [7] gµν (τ,
with gµν (τ, x i ) periodic in τ with period ∆. As mentioned in the introduction, in the present study, we use the moving puncture gauge conditions [4, 2] . These conditions have been crucial for the success in binary black hole simulations. If the observed oscillatory behavior is indeed connected to discrete self-similarity, it would thus also suggest that the moving puncture gauge yields the adapted coordinate system required for Eq. (7). Unfortunately, we were not able to formally verify the emergence of adapted coordinates as the solution becomes oscillatory; however, Figure 6 supports this conjecture, where we plot, in addition to α and Ψ , the trace of the extrinsic curvature K and the exponent in the BSSN conformal factor χ (essentially the logarithm of the spatial metric determinant) as a function of − ln(τ − τ * ). It is noticable from this figure the oscillatory behavior in all metric related quantities.
Gravitational Radiation
We have seen a strong indication of the predominance of an unstable spherical mode in the scalar field near black hole formation. It is then interesting to investigate the implications of this predominance on the emission of gravitational radiation. As noted, the initial scalar field configurations for = 0 are Y 21 (θ, ϕ) deformations of a spherical profile. Thus, these deformation are in principle likely to trigger the emission of gravitational waves. Figure 7 shows the 22, 21, and 20 spin-weighted spherical harmonic modes of the Weyl scalar Ψ 4 for the case p = 0.0592 with both, = 0.5 (solid line) and = 0 (dashed line). Not surprisingly, the 21 mode has the highest amplitude even though the scalar perturbation is spin weight 0 and the Weyl scalar has spin weight -2. The level of gravitational wave emission, < 10 −6 , for = 0 is below our numerical errors, thus consistent with the fact that gravitational waves cannot be emitted during spherically symmetric gravitational collapse. On the other hand, the waveforms from the = 0.5 case show the characteristic shape of a burst followed by quasi-normal ringing found in a generic gravitational collapse. Interestingly, although the spherical mode in the scalar field dominates and yields a similar value of the critical exponent to that in spherical symmetry, the collapse retains a high enough level of non-spherical perturbations to trigger gravitational emission.
As suggested by one of the referees, an interesting question to answer is the dependence of the gravitational radiation on p − p * . Investigating this dependence during the quasi-normal ringing phase of the radiation is in particular illustrative. As it is well known, the decay timescale and frequency of the quasi-normal ringing depend exclusively on the mass and spin of the black hole. We found that our collapse experiments yield effectively non-spinning black holes, with the largest dimensionless spin parameter of O(10 −4 ) for the = 1 case. Therefore, in the present study, the quasi-normal ringing is completely characterized by the mass of the black hole. As a consequence, given our result that M h /M ≈ C( )(p − p * ) 0.37 , the quasi-normal ringing observed in the Ψ 4 Weyl scalars depicted in Fig. 7 is fully determined by p − p * for a given .
Conclusions
Our study presents results from a 3D numerical relativity study of anisotropic scalar field collapse to investigate Choptuik's critical phenomena beyond axisymmetry. Specifically, the initial anisotropy in the scalar field we considered was proportional to the real part of the spherical harmonic Y 21 (θ, ϕ). We found the typical black hole mass scaling of M h ∝ (p − p * ) γ expected in critical gravitational collapse. Independent of the strength of the anisotropy, our collapse simulations yielded scaling exponents γ ≈ 0.37, values very similar to those found in spherical symmetry. Our results support the dominance of an unstable spherical mode during the onset of black hole formation. We are currently investigating if these conclusions hold for other families of anisotropic initial data, in particular types of initial data that are not perturbations of spherically symmetric profiles. Our results show also hints of discrete self-similarity. However, we are not able to claim with confidence that the observed periodicity is the result of critical collapse echoing because the solutions in our study are unfortunately far from the critical solution. 
